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Abstract. Graph wedgelets are a novel tool for the fast decomposi-
tion of images in geometrically meaningful, wedge-shaped, subregions.
In this work, we study the usage of graph wedgelets as a promising split-
ting method in a split-and-merge segmentation scheme for images. We
combine adaptive wedgelet splits of images with a simple and classical
merging strategy for subregions, and obtain in this way an efficient and
robust segmentation of relevant subdomains, that can be used in the seg-
mentation of biomedical images obtained by modalities as, for instance,
Magnetic Resonance Imaging.
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1 Introduction

Combined split-and-merge schemes for image segmentation have been introduced
by Horowitz & Pavlidis [12] in the seventies of the last century. The principal
idea of these region-based segmentation schemes is to recursively partition an
image into small homogeneous parts and then to merge these small building
blocks into larger homogeneous segments of the image. The merging step of these
schemes is usually more cost intensive since the computational load required for
the comparison and the combination of subregions is high. Therefore, a key
aspect and at the same time also the challenge of split-and-merge strategies
is to implement a splitting scheme that decomposes an image efficiently into a
relatively small but geometrically significant number of subblocks, as for instance
discussed in Correa-Tome & Sanchez-Yanez [5] and Salembier & Garrido [14].

In this work, we explore the usage of graph wedgelets, as introduced in [9],
for the initial geometric partitioning of images within a split-and-merge segmen-
tation framework. In this graph-based approach, an image is represented as a
discrete graph that is then divided into a set of geometrically significant sub-
graphs. These partitions can be encoded easily using a binary wedge partitioning
(BWP) tree and efficiently stored as a corresponding sequence of center nodes.
The primary advantages of such a discrete splitting strategy lie in its computa-
tional efficiency, its simplicity in terms of coding, as well as its adaptability to
diverse domains and imaging scenarios.
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In the following sections, we will recapitulate the fundamental properties
of graph wedgelets for image decomposition and show how this wedgelet-based
splitting can be effectively combined with a classical merging procedure to yield
a final segmentation of images. We will further analyze the computational com-
plexity and storage requirements of the proposed combined scheme. Finally, we
illustrate the practical utility of this approach by applying it to the segmentation
of white matter or the extraction of tumor areas in biomedical images obtained
from Magnetic Resonance Imaging (MRI).

2 Methodology for image splitting and merging

2.1 The splitting procedure based on graph wedgelets

To split the image into geometrically relevant subregions, we use a graph wedgelet
decomposition as introduced in [9]. Graph wedgelets interpret the image as a
graph signal and efficiently approximate it with piecewise constant functions
on partitions that are encoded in a binary graph partitioning tree and con-
structed upon hierarchical adaptive wedge splits. This structure allows to store
and process the image partitions cost-efficiently by a sequence of graph nodes
that encode the entire tree. In [9], tests showed that with identical partition sizes
graph wedgelets, similarly to their continuous analogs [8,10] or to binary space
partitioning trees [13] lead to a higher adaptivity and, thus, to an improved ap-
proximation quality compared to quadtree decompositions or hierarchical Haar
wavelet decompositions. A key advantage of graph wedgelets is their flexibility.
The graph structure can be easily adapted to different imaging scenarios. This
allows the same approach to be applied not only for rectangular images, but
also for the decomposition of more complex data such as 3D scans of magnetic
particles [2], vector fields on simplicial grids [1], or distorted images captured by
hyper-hemispherical cameras [15]. As graph wedgelets rely on a discrete imag-
ing model, they contrast with continuous approaches that often offer stronger
theoretical guarantees, see [4, 6, 7]. In the following, we provide a brief review of
graph wedgelets, the details and further references can be found in [9].

Modeling images as graphs. In a graph-based approach to image processing,
we interpret an image as a graph G = (V, E, A,d) in which the single pixels of
the image are identified as nodes V' = {vy,...,v,}, and neighboring pixels v;
and v, are connected through edges e,, = (v;,vy). We assume that the edges
are undirected and denote the set of all edges by F. The symmetric matrix
A € R™*™ is referred to as adjacency matrix, and contains as entries A, ; the
connection weights of the edges e,, € E. We further require a metric distance
d on the vertex set V. As standard distance d on V we use the graph geodesic
distance, i.e., the length of the shortest path connecting two graph vertices. We
will further assume that G is connected, i.e., that the distance between two nodes
is always finite.
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This graph-based approach is very versatile and allows the usage of different
neighborhood models for the pixels in the image. If only the closest neighbors
in the image grid get connected to a pixel, this leads to a graph with a sparse
adjacency matrix A, yielding fast graph-based algorithms if image processing
tasks have to be performed locally in subregions. On the other hand, sometimes
it is more useful to model an image as a complete graph in which the edge
weights are linked to the inverse of the euclidean distance between two pixels.

In this work, we are interested in the decompositions of images, i.e. of func-
tions f : V — R representing images on the vertex set V of the graph G.
The functions f on the discrete set V' can be also interpreted as vectors f =
[f(v1)y..., f(vn)]T € R™ and are referred to as graph signals.

Wedge splits. Graph wedgelets rely on an adaptive recursive binary partition-
ing of the vertex set V' in which geometric information of the signal f is included.
For this, a binary partitioning tree is generated which depends on the topology
of the graph G as well as on the signal f. As elementary splittings of a vertex
set, we consider wedge splits.

We call a dyadic partition {V;, Vi } of the vertex set V' a wedge split of V' if
there exists a pair of nodes {q,q’} in V such that V; and Vs have the form

Va={veV]dlv,q <dv.q)}, Vo ={veV[dlv,q >dv,qd)}

The center nodes q and ¢’ uniquely determine the wedge split {Vg, Vi } of V.
This allows to code the splittings very efficiently in terms of their center nodes.
Further, if the metric d is the graph geodesic distance and V' is connected, then
also V and V, are connected subsets of the graph G. A recursive wedge splitting
leads to a binary partitioning tree of the graph.

Binary wedge partitioning (BWP) trees. A BWP tree 7¢ of the graph G
with respect to the ordered set @ = {qi,...,qum} C V of centers is a binary
tree consisting of subsets of the vertex set V' that can be ordered recursively in
partitions P("™) of V according to the following steps:

1. The root of the tree Tg is the entire set V' forming the trivial partition
PO = {Vq(ll)} = {V}. The root is linked to the first node q; of Q.

2. Let P(™) = {Vq(lm), ce Vé,,T)} be a partition of V' in 7T linked to the nodes
@ eV e {1,...,m}, m < M. Then, the new node q,, 11 contained in

(m)

one subset V4" together with the center node q; define a new wedge split

of Vq(;n) resulting in a new partition P(™*Y of V into m + 1 disjoint sets.

The ordered set ) of graph vertices uniquely determines the BWP tree 7.
This allows to encode the entire BWP tree compactly in terms of the M elements
of the set Q. A BWP tree 7 contains 2/ — 1 subdomains of V, 1 root and
2M — 2 children regions. The M leaves of the tree T¢ correspond to the sets of

the final partition P = (V.M vy of v,
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Graph wedgelets. The characteristic functions
wg:”)(v) = qugm)(v), ie{l,...m}, me{l,..., M},

of the sets V(im) in a BWP tree Tg are referred to as graph wedgelets. The

wedgelets {wc(l:") ;i€ {1,...,m}} form an orthogonal basis for the piecewise
constant functions on the partition P("™).

Fig. 1. Adaptive BWP splitting of a 481 x 321 gray-scale image using Algorithm 1;
a) The original image; b)c)d)e)f)g) Graph wedgelet decomposition of the image using
2,4, 8, 16, 32 and 64 wedgelet domains, respectively. The center nodes @ of the BWP
tree are marked with a red circle.

Adaptive greedy calculation of BWP trees. In order to determine the
BWP tree T, at each level m one of the subdomains Vq(,m), je{1,...,m}

J
has to be chosen and a respective new node q,,+1 € Vq(Jm) selected. In order to
approximate a signal f best possible, these selections can be performed in an
f-adaptive way. We consider the following two-step iterative greedy procedure
for the generation of the BWP trees. A simple example of this procedure applied
to a gray-scale image can be found in Fig. 1. The entire wedgelet decomposition
scheme to generate a BWP tree is summarized in Algorithm 1.

Step 1: Selection of the subdomain: at level m, we consider the mean values

f (m) =1 Z fv)
Vay lV(;:n)‘veVé;”)

of the function f over the subsets Vq(im ) Then, the domain Vq(;n) with the maximal
L2-error B
J = argmax [|[f — fl,om || po(y0m (1)
ie{l,....,m} Vi £ (Ve
is selected. Inside this domain, the next wedge split is defined in terms of the
center node q; and an additional node qg,41-
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Step 2: Adaptive selection of the second node ¢,,;1. The second node
Qm+1 is chosen according to an adaptive rule such that the resulting split provides
a best possible approximation of the function f in terms of piecewise constant
components. If {V((qmq;r, % m) ) } denotes the partition of Vq( ™) according to the
wedge split given by the node q; and a second node q, we determine ¢, such
that the quantity

||f fv(m>+H£2 V(m)+) + Hf fV(m) HL:Q(V((W?) )) (2)

is minimized over all q € S C V(m) As a set S of admissible nodes, one can
for instance take S = Vq(;n) \ {q;}. It is however generally advisable to reduce
the computational complexity of the optimization problem (2) by selecting a
relatively small set S. One way to do this is by picking |S| nodes uniformly at
random from the domain Vq(jm) \ {q;}.

Algorithm 1: Wedgelet decomposition of the image

Input: A graph signal f, a starting node q1 € V, the starting partition
PO = (v} = {V{"} and a final partition size M > 1.

for m =2 to M do
1) Greedy selection of subset: calculate 7 according to the rule (1) as

= argma —F m— 1)
J ie{f?,nmfl}Hf Frm- H£2<Vq(i D,
2) Determine new node q, such that the squared £2-error term (2) is
minimized over all nodes in S and add it to the node set Q;
3) Generate new partition P from the partition P~V by a wedge
split of the subset V ™= into the children sets V(m D+ and vim D,

m) (aj,am) ?
4) Compute mean values f ) ie{l,...,m}, for the new partition
P by an update from P(’" b,
Output: node set Q = {q1,...,qm}, mean values {f (M) sy Fooan) }
VQ1 VqM

Acceleration possibilities. For very large images, the adaptive strategy de-
scribed in 1) and 2) might be too costly from a computational point of view,
even if the size |S| of the selected nodes in (2) is relatively small. To reduce the
computational expenses, one can additionally split the image in a preliminary
step in J subblocks. This can be done by hand by selecting proper subblocks.
Alternatively, a clustering algorithm, as for instance k-center clustering [11], can
be applied in order to extract subregions of the image, similarly as described for
partition of unity methods on graphs in [3]. After this preliminary splitting, the
described greedy method in 1) and 2) can be applied separately to each cluster,
providing also a direct way to parallelize the computations.
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From an implementation point of view, this preliminary splitting into J sub-
blocks results in J disjoint BWP trees instead of a single tree, and the respective
selected center nodes generally differ from the ones generated by the single BWP
scheme. This modification will therefore also have an impact on the final splitting
of the image, as well as for the subsequent merging procedure.

2.2 The merging procedure

Algorithm 2: Merging part of the split-and-merge segmentation

Input: A partition of the vertex set V in M regions R = {R1,...Rm}
with R; = V4" and initial values fr, = f, () for i € {1,...,M}.
@

for m=M to L+ 1 do
1) Selection of regions: determine the regions R;, R; in R(™) such that

O(Ri, R;) = min(|Ri, |R;|)(fr, — fr,)?

gets minimal.
2) Merge regions R; and R; to R; U R; and calculate high median

IR if [Ri| > |R;l,
qu‘,URj = ij if |R’b| < |Rj|7
max{fr;, fr; } if |Ri| = |R;|.

3) Update R Y = R™ \ {R; R;} U{R; UR,} and the values
frys- .., fR,,_, for the sets in the new partition R,

Output: Partition R(¥) = {Ri1,...,Rr} of V and values fr,,..., fr,.

Once the image is decomposed into M wedgelet domains {Vq(lM D q(ﬁ[)}

with a sufficient homogeneity which can be measured in terms of the £2-errors in
(1), a merging scheme needs to be applied to the subdomains in order to obtain
a segmentation of the image. For this, we will consider as starting information
the mean values {fvoflM) e qu(ﬁ) } of the function f on the M subdomains and

proceed similarly as described in Salembier & Garrido [14] to generate with a
bottom-up strategy a second binary partitioning tree for the merging part. For
this merging partitioning tree a merging order and a region model is required.
As a model for the image value fgr,ug, on the union Ry U Ry of two regions
Ry and Ry we use the upper median of the function values fr, and fr, on the
regions Ry and Rs. The similarity between two regions R; and R, is measured
by the quantity

O(Rl?RQ) = min(|R1|’ |R2|)<fR1 - fR2)2'

According to this measure, the merging starts with those regions where the
quantity O(Ry, Rs) is minimal. The merging scheme is completed, and the image
segmentation terminates if a selected partition size L of composed subregions is
reached. This merging procedure is summarized in Algorithm 2.
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Computational complexity and storage costs As outlined out in [9], the
computational complexity for the calculation of the adaptive BWP tree given
in Section 2.1 can be bounded by O(M|S|n). On the other hand, the simple
merging scheme in Section 2.2 requires O(M?) operations for the calculation of
the merging tree. For this, the complete split-and-merge segmentation remains
cost-efficient as long as the number M of calculated wedgelet domains remains
of moderate size.

It is further shown in [9] that the storage costs of the adaptive BWP tree can
be bounded by [log,(n)]M/n bits per pixel. In order to store the segmentation
of the image in L subregions, only additional [log,(L)]M/n bits per pixel have
to be invested. If, on top, also the region values fg,,..., fr, are stored, further
[log,(K)]L/n bits per pixel are required if the values fg, are quantized in terms

of K different values.

o) 1) g

> > >

3 Results and Discussions

Fig. 2. Split-and-merge segmentation of a gray-scale image a) original image with
481 x 321 pixels; b)c)d) BWP decomposition of the image using 200, 500 and 1000
domains; e)f)g) Image segmentation based on the application of Algorithm 2 to the
BWP decompositions in b)c)d). Segmentations with 2 components are created.

We test our split-and-merge scheme on two gray-scale images and two MRI
data sets. The 481 x 321 gray-scale images in Fig. 2 a) and Fig 3 a) are used
as simple test sets to obtain an initial assessment of the method and a rough
indication on how the number M of domains and the choice of the set S in the
initial BWP splitting influence the final segmentation of the image. For this,
we generate in Fig. 2 b)c)d) a BWP decomposition of the image using 200, 500
and 1000 wedgelet domains, and subsequently apply the merging procedure in
Algorithm 2 to obtain respective segmentations of the image with L = 2 com-
ponents. Further, in Fig. 3, Algorithm 1 is applied with the following parameter
configuration. The subfigures b)c)d) illustrate the wedgelet decomposition of the
image into M = 1000 regions, where b) the sets S consist of a single node located
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farthest away from the center node qj, c) the sets S consist of 1000 randomly
selected nodes, and d) the selection sets S are the same as in c¢) but a preliminary
partitioning of the image in J = 25 subblocks is used. In the subfigures e)f)g) of
Fig. 3 the respective segmentation provided by Algorithm 2 is shown.

Fig. 3. Split-and-merge segmentation of a gray-scale image a) original image with
481 x 321 pixels; b)c)d) BWP decomposition of the image using M = 1000 domains and
b) sets S consisting of a single node, c) sets S with 1000 randomly selected nodes, and
d) an additional preliminary partitioning of the image in J = 25 blocks; e)f)g) Image
segmentation based on the application of Algorithm 2 to the BWP decompositions in
b)c)d). Segmentations with 3 components are created.

The third data set is an artificial MRI image of the brain (in Fig. 4 a)) gen-
erated by the simulator BrainWeb (http://www.bic.mni.mcgill.ca/brainweb/).
Using the presented split-and-merge approach, our goal is to segment the white
matter from the rest of the surrounding brain tissue. Using the graph wedgelet
algorithm, we split the original MRI image in 2500 subdomains (Fig. 4 b), PSNR
33.19). Then, we apply the merging procedure of Algorithm 2 and obtain a seg-
mentation of the image in terms of L = 4 different grayscales (Fig. 4 c)). The
segment related to the white matter is afterwards colored in blue (Fig. 4 d)).

In Fig. 5, we additionally compare the wedgelet-based extraction of the white
matter (Fig. 5 ¢)) with the ground truth of the white matter downloaded from
BrainWeb (Fig. 5 a)). As the ground truth contains different gray-scales, we ex-
tract the domain representing the white matter by a simple thresholding strategy
(Fig. 5 b)). The absolute difference between the domains in the subfigures b)
and c) is then illustrated in Fig. 5 d).

The forth test image is an MRI scan containing a glioma (in Fig. 6 a))
taken from a dataset on Kaggle (https://www.kaggle.com /sartajbhuvaji/brain-
tumor-classification-mri/). The aim of this final experiment is to see whether
our approach can segment the glioma from the rest of the image. Again, we
conduct a wedgelet decomposition (Fig. 6 b), PSNR 27.68) to split the image
in 2500 subregions. After the application of the merging algorithm, we obtain a
segmentation of the image in L = 4 grayscales (Fig. 6 ¢)). The segment describing
the region with the glioma is colored in blue (Fig. 6 d)).
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000

Fig. 4. Wedgelet split-and-merge segmentation for biomedical images: a) Original arti-
ficial MRI image; b) Wedgelet BWP split into 2500 regions; ¢) Segmentation with the
presented method; d) Blue colored segmented white matter

I

@

Fig. 5. Comparison of wedgelet split-and-merge segmentation with ground truth of
white matter: a) Ground truth of white matter of MRI image in Fig. 4; b) Extraction
of segmentation domain from ground truth by thresholding; c¢) Segmentation of white
matter with the presented method; d) Absolute difference between b) and c)

In all four experiments, it is visible that the wedgelet algorithm provides a
piecewise constant approximation of the original image and a splitting into a
moderate number of geometrically significant wedge-shaped subregions. These
preselected subregions can then be easily processed with the given merging
method to obtain a simple and fast segmentation of the aimed-at regions. An ad-
vantage of the used wedgelet decomposition in the splitting procedure is that the
original image is automatically denoised, leading to a more robust final segmen-
tation. On the other hand, it is also visible that some details of the image get lost
in those regions where the wedgelet approximation is not accurate enough. This
is particularly visible in Fig. 2 where different numbers M of wedgelet splits are
compared, and in Fig. 5 where differences at the border of the extracted white
matter domain get visible in comparison to the ground truth.

The wedgelet algorithm itself allows to select the number M of adopted
wedge splits and the sets S of nodes which are taken into consideration for the
Greedy selection of the splits. This allows to control the number of considered
subregions and the accuracy of the wedgelet approximation. The role of the
number M is, for instance, visualized in Fig. 2, while in Fig. 3 it gets visible
that large selection sets S lead to a more accurate partitioning of the domain



Fig. 6. Wedgelet split-and-merge segmentation for biomedical images: a) Original MRI
image with glioma b) Wedgelet split into 2500 regions ¢) Segmentation with the pre-
sented method d) Blue colored segmented glioma.

and a refined segmentation. The usage of a preliminary splitting of the domain
in J subblocks has only a relatively small impact on the final segmentation. The
selection of these parameters and the trade-off between accuracy and robustness
plays an important role also for the computational complexity of the method and
needs to be investigated further to guarantee significant but also computationally
efficient segmentations of medical images. Furthermore, in this study we used
only a very simple model for the merging step. This leaves a lot of potential for
further improvements.

4 Conclusion

In this short study, we explored a graph-based image splitting strategy as part
of an integrated split-and-merge segmentation framework with particular em-
phasis on applications in biomedical imaging. The presented splitting method
leverages discrete adaptive wedge splits to divide images into a set of geometri-
cally meaningful subregions that can be described by a binary wedge partitioning
tree and encoded efficiently by a sequence of graph centers. This graph-based
splitting scheme together with a classical merging procedure yields a robust and
computationally efficient split-and-merge segmentation scheme for images. The
presented numerical experiments demonstrate that the method has strong po-
tential and can be applied practically to segmentation tasks in medical imaging.
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